Introduction {#Sec1}
============

A face of a polyhedron is defined as the set of points reaching the maximum (or minimum) of a linear function over the polyhedron. Faces are ubiquitous in the theory of polyhedra, and especially in the complexity analysis of optimization algorithms. As an illustration, the simplex method, one of the most widely used algorithms for solving linear programming, finds an optimal solution by iterating over the *graph* of the polyhedron, i.e. the adjacency graph of vertices and edges, which respectively constitute the 0- and 1-dimensional faces. The problem of finding a pivoting rule, i.e. a way to iterate over the graph, which ensures to reach an optimal vertex in a polynomial number of steps, is a central problem in computational optimization, related with Smale's ninth problem for the twenty-first century \[[@CR25]\]. Faces of polyhedra are also involved in the worst-case complexity analysis of other optimization methods, such as interior point methods; see \[[@CR2], [@CR13]\]. This has motivated several mathematical problems on the combinatorics of faces, which are of independent interest. For example, the question of finding a polynomial bound on the diameter of the graphs of polyhedra (in the dimension and the number of defining inequalities) is still unresolved, despite recent progress \[[@CR6], [@CR7], [@CR23]\]. We refer to \[[@CR12]\] for a recent account on the subject.

Other applications of polyhedra and their faces arise in formal verification, in which passing from a representation by inequalities to a representation as the convex hull of finitely many points and vice versa, is a critical computational step. The correctness analysis of the algorithms solving this problem, extensively relies on the understanding of the mathematical structure of faces, in particular of vertices, edges and facets (i.e. 1-co-dimensional faces).

In this paper, we formalize a significant part of the properties of faces in the proof assistant [Coq]{.smallcaps}. As usually happens in the formalization of mathematics, one of the key difficulties is to find the right representation for objects in the proof assistant. For polyhedra and their faces, the choice of the representation depends on the context. In more detail, every polyhedron admits infinitely many descriptions by linear inequality systems. In mathematics textbooks, proofs are carried out by choosing one (often arbitrary) inequality system for a polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$. Proving that these are valid inequality systems is usually trivial for the reader, but not for the proof assistant. We exploit the so-called *canonical structures* of [Coq]{.smallcaps} in order to achieve this step automatically. This allows us to obtain proof scripts which only focus on the relevant mathematical content, and which are closer to what mathematicians write.

Thanks to this approach, we show that the faces of a polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ form a finite lattice, in which the order is the set inclusion, the bottom and top elements are respectively the empty set and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$, and the meet operation is the set intersection. We establish that the face lattice is both atomistic and coatomistic, meaning that every element is the join (resp. the meet) of a finite set of atoms (resp. coatoms). Atoms and coatoms respectively correspond to minimal and maximal elements distinct from the top and bottom elements. Moreover, we prove that the face lattice is graded, i.e. every maximal chain has the same length. Finally, we show that the family of face lattices of polytopes (convex hulls of finitely many points) is closed under taking sublattices, i.e. any sublattice of the face lattice of a polytope is isomorphic to the face lattice of another polytope. As a consequence of that, we prove that any sublattice of height two is isomorphic to a diamond.

Formalizing these results requires the introduction of several important and non-trivial notions. First of all, our work relies on the construction of a library manipulating polyhedra, which provides all the basic operations over them, including intersections, projections, convex hulls, as well as special classes of polyhedra such as affine subspaces. Dealing with faces also requires to formalize the dimension of a polyhedron, and its relation with the dimension of its affine hull, i.e. the smallest affine subspace containing it. Some classes of faces also retain a particular attention, such as vertices, edges and facets. For instance, we formalize the vertex figure, which is a geometric construction to manipulate the faces containing a fixed vertex.

Throughout this work, we have drawn much inspiration from the textbooks of Schrijver \[[@CR24]\] and Ziegler \[[@CR28]\] to guide us in our approach. The source code of our formalization is done within the Coq-Polyhedra project, and is available at <https://github.com/Coq-Polyhedra/Coq-Polyhedra/tree/IJCAR-2020>, in the directory ![](501052_1_En_11_Figa_HTML.gif){#d30e566} . We rely on the Mathematical Components library \[[@CR18]\] (abridged MathComp thereafter) for basic data structures such as finite sets, ordered fields, and vector spaces.

The paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we present how we define the basic operations and constructions over polyhedra. Section [3](#Sec5){ref-type="sec"} deals with the central problem of finding an appropriate representation of faces, and explains how this leads to a seamless formalization of important properties like the dimension. Section [4](#Sec10){ref-type="sec"} demonstrates the practical usability of our approach, by presenting the formalization of the face lattice and its main characteristics. Finally, we discuss related work in Sect. [5](#Sec14){ref-type="sec"}. A link to the relevant source files is given beside section titles in order to help the reader finding the results in the source code of the formalization.

Constructing a Library Manipulating Polyhedra {#Sec2}
=============================================

The Quotient Type of Polyhedra[1](#Fn1){ref-type="fn"}$\documentclass[12pt]{minimal}
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We recall that a *(convex) polyhedron* of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^n$$\end{document}$ is defined as the intersection of finitely many *halfspaces* $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha \in \mathbb {R}^n$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\beta \in \mathbb {R}$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \cdot , \cdot \rangle $$\end{document}$ is the Euclidean scalar product, i.e. . Equivalently, a polyhedron can be represented as the solution set of a linear affine system $\documentclass[12pt]{minimal}
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                \begin{document}$$A x \ge b$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$b \in \mathbb {R}^m$$\end{document}$, in which case each inequality $\documentclass[12pt]{minimal}
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                \begin{document}$$A_i x \ge b_i$$\end{document}$ corresponds to a halfspace.

Throughout the paper, we use the variable ![](501052_1_En_11_Figb_HTML.gif){#d30e823} to represent the dimension of the ambient space. Instead of dealing with polyhedra over the reals, we introduce a variable ![](501052_1_En_11_Figc_HTML.gif){#d30e826} which represents an abstract ordered field with decidable ordering. In this setting, ![](501052_1_En_11_Figd_HTML.gif){#d30e829} (or ![](501052_1_En_11_Fige_HTML.gif){#d30e832} for short) stands for the type of column vectors of size ![](501052_1_En_11_Figf_HTML.gif){#d30e835} over the field ![](501052_1_En_11_Figg_HTML.gif){#d30e839} .

As we mentioned earlier, the representation by inequalities (or halfspaces) of a convex polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ is not unique. The first step in our work is to introduce a quotient structure, in order to define the basic operations (membership of a point, inclusion, etc.) regardless of the exact representation of the polyhedron. The quotient structure is based on a concrete type denoted by ![](501052_1_En_11_Figh_HTML.gif){#d30e854} (or simply ![](501052_1_En_11_Figi_HTML.gif){#d30e857} , when ![](501052_1_En_11_Figj_HTML.gif){#d30e860} is clear from the context). The prefix letter "h" is taken from the terminology *H-polyhedron* or *H-representation* which is used to refer to representations by halfspaces. The elements of ![](501052_1_En_11_Figk_HTML.gif){#d30e870} are records consisting of a matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$A \in \mathbb {R}^{m \times n}$$\end{document}$ and a vector $\documentclass[12pt]{minimal}
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We equip ![](501052_1_En_11_Figm_HTML.gif){#d30e939} with a membership predicate stating that, given ![](501052_1_En_11_Fign_HTML.gif){#d30e942} and ![](501052_1_En_11_Figo_HTML.gif){#d30e945} , we have ![](501052_1_En_11_Figp_HTML.gif){#d30e948} if and only if ![](501052_1_En_11_Figq_HTML.gif){#d30e951} satisfies the system of inequalities represented by ![](501052_1_En_11_Figr_HTML.gif){#d30e955} . Two H-polyhedra are *equivalent* when they correspond to the same solution set, i.e. their membership predicate agree. We prove that this equivalence relation is decidable, by exploiting the implementation of the simplex method of \[[@CR3]\]. The latter allows us to check that an inequality $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \alpha , x \rangle \ge \beta $$\end{document}$ is valid over an H-polyhedron ![](501052_1_En_11_Figs_HTML.gif){#d30e987} by minimizing the linear function $\documentclass[12pt]{minimal}
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                \begin{document}$$x \mapsto \langle \alpha , x \rangle $$\end{document}$ over ![](501052_1_En_11_Figt_HTML.gif){#d30e1014} , and checking that the optimal value is greater than or equal to $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta $$\end{document}$. Then, deciding whether ![](501052_1_En_11_Figu_HTML.gif){#d30e1027} are equivalent amounts to checking that each inequality in the system defining ![](501052_1_En_11_Figv_HTML.gif){#d30e1030} is valid over ![](501052_1_En_11_Figw_HTML.gif){#d30e1033} , and vice versa.

The quotient structure is built following the approach of \[[@CR10]\]. This introduces a quotient type, denoted here by ![](501052_1_En_11_Figx_HTML.gif){#d30e1041} (or simply ![](501052_1_En_11_Figy_HTML.gif){#d30e1044} ). Its elements are referred to as *polyhedra* and represent equivalence classes of H-polyhedra. In practice, each polyhedron is a record formed by a canonical representative of the class, and the proof that the representative is indeed the canonical one. We point out that the notion of canonical representative has no special mathematical meaning or structure.

We define the membership predicate of each ![](501052_1_En_11_Figz_HTML.gif){#d30e1052} as the membership predicate of its canonical representative. As expected, equality between two polyhedra of ![](501052_1_En_11_Figaa_HTML.gif){#d30e1055} and extensional equality (denoted ![](501052_1_En_11_Figab_HTML.gif){#d30e1058} below) of their membership predicates are equivalent properties:

Operations over Polyhedra[3](#Fn3){ref-type="fn"} {#Sec4}
-------------------------------------------------

We first lift a number of basic primitives from the type ![](501052_1_En_11_Figad_HTML.gif){#d30e1077} to the quotient type ![](501052_1_En_11_Figae_HTML.gif){#d30e1080} , including the subset relation ![](501052_1_En_11_Figaf_HTML.gif){#d30e1083} and the intersection operation ![](501052_1_En_11_Figag_HTML.gif){#d30e1086} . The related properties are also lifted by using the fact that the membership predicate of any element of ![](501052_1_En_11_Figah_HTML.gif){#d30e1089} is extentionally equivalent to the membership predicate of its equivalence class in ![](501052_1_En_11_Figai_HTML.gif){#d30e1093} .

Even though we now work on the quotient type, we still need a way to build polyhedra from sets of inequalities. While H-polyhedra rely on inequality constraints under the matrix form, we choose now to be closer to the mathematical definition of polyhedra as the intersection of finitely many halfspaces. To this end, we introduce the type ![](501052_1_En_11_Figaj_HTML.gif){#d30e1098} (or simply ![](501052_1_En_11_Figak_HTML.gif){#d30e1101} when ![](501052_1_En_11_Figal_HTML.gif){#d30e1104} is clear from the context), which is isomorphic to the cartesian product ![](501052_1_En_11_Figam_HTML.gif){#d30e1107} of vectors of size ![](501052_1_En_11_Figan_HTML.gif){#d30e1110} and elements of ![](501052_1_En_11_Figao_HTML.gif){#d30e1114} . This type is used to construct linear affine inequalities or equalities. In more detail, if ![](501052_1_En_11_Figap_HTML.gif){#d30e1117} represents the pair $\documentclass[12pt]{minimal}
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                \begin{document}$$(\alpha , \beta ) \in \mathbb {R}^n \times \mathbb {R}$$\end{document}$, then the polyhedron ![](501052_1_En_11_Figaq_HTML.gif){#d30e1152} corresponds to the halfspace $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle \alpha , x \rangle \ge \beta $$\end{document}$:

Similarly, the element ![](501052_1_En_11_Figas_HTML.gif){#d30e1184} is used to build a hyperplane denoted ![](501052_1_En_11_Figat_HTML.gif){#d30e1187} :

(In the last two statements, the terms ![](501052_1_En_11_Figav_HTML.gif){#d30e1196} and ![](501052_1_En_11_Figaw_HTML.gif){#d30e1199} respectively stand for the first and second component of the pair formed by ![](501052_1_En_11_Figax_HTML.gif){#d30e1202} , while ![](501052_1_En_11_Figay_HTML.gif){#d30e1205} stands for the scalar product between two vectors.)

We can now construct polyhedra defined by sets of inequalities. To this aim, we use the type ![](501052_1_En_11_Figaz_HTML.gif){#d30e1210} of finite sets of elements of type ![](501052_1_En_11_Figba_HTML.gif){#d30e1213} . Then, given ![](501052_1_En_11_Figbb_HTML.gif){#d30e1216} , the polyhedron denoted by ![](501052_1_En_11_Figbc_HTML.gif){#d30e1219} is defined as the intersection of the halfspaces ![](501052_1_En_11_Figbd_HTML.gif){#d30e1222} for ![](501052_1_En_11_Figbe_HTML.gif){#d30e1226} . In particular, we introduce the empty polyhedron ![](501052_1_En_11_Figbf_HTML.gif){#d30e1229} and the full polyhedron ![](501052_1_En_11_Figbg_HTML.gif){#d30e1232} , which are defined by the inequality $\documentclass[12pt]{minimal}
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                \begin{document}$$1 \le 0$$\end{document}$ and by no inequality respectively. As we shall see in Sect. [3](#Sec5){ref-type="sec"}, the formalization of faces requires us to manipulate polyhedra defined by systems mixing inequalities and equalities. We denote such a polyhedron by ![](501052_1_En_11_Figbh_HTML.gif){#d30e1253} , where both ![](501052_1_En_11_Figbi_HTML.gif){#d30e1257} and ![](501052_1_En_11_Figbj_HTML.gif){#d30e1260} are of type ![](501052_1_En_11_Figbk_HTML.gif){#d30e1263} . It represents the intersection of the polyhedron ![](501052_1_En_11_Figbl_HTML.gif){#d30e1266} with the hyperplanes ![](501052_1_En_11_Figbm_HTML.gif){#d30e1269} for ![](501052_1_En_11_Figbn_HTML.gif){#d30e1272} .

The cornerstone of more advanced constructions is the primitive ![](501052_1_En_11_Figbo_HTML.gif){#d30e1277} , which, given ![](501052_1_En_11_Figbp_HTML.gif){#d30e1280} , builds its projection on the last ![](501052_1_En_11_Figbq_HTML.gif){#d30e1283} components. This is carried out by implementing Fourier--Motzkin elimination algorithm (see e.g. \[[@CR24], Chapter 12\]). In short, this algorithm starts from a system of linear inequalities, and constructs pairwise combinations of them in order to eliminate the first variable. The result is that the new system is a valid representation of the projected polyhedron. This is written as follows:

where ![](501052_1_En_11_Figbs_HTML.gif){#d30e1295} is the projection of ![](501052_1_En_11_Figbt_HTML.gif){#d30e1298} on the last ![](501052_1_En_11_Figbu_HTML.gif){#d30e1301} components, and ![](501052_1_En_11_Figbv_HTML.gif){#d30e1304} stands for a logical equivalence between the two properties. This projection primitive then allows us to construct many more polyhedra. For example, we can build the image of a polyhedron $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ by the linear map represented by a matrix $\documentclass[12pt]{minimal}
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                \begin{document}$$A \in \mathbb {R}^{k \times n}$$\end{document}$. The latter is obtained by embedding $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ in a polyhedron over the variables $\documentclass[12pt]{minimal}
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                \begin{document}$$(x,y) \in \mathbb {R}^{n+k}$$\end{document}$, intersecting it with the equality constraints $\documentclass[12pt]{minimal}
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                \begin{document}$$y = A x$$\end{document}$, and finally projecting it on the last *k* components. The construction of the convex hull of finitely many points immediately follows. Indeed, the convex hull of a finite set $\documentclass[12pt]{minimal}
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                \begin{document}$$V = \{v^1, \dots , v^p\} \subset \mathbb {R}^n$$\end{document}$ can be defined as the image of the simplex by the linear map $\documentclass[12pt]{minimal}
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                \begin{document}$$\mu \mapsto \sum _{i = 1}^p \mu _i v^i$$\end{document}$. We denote the convex hull by ![](501052_1_En_11_Figbw_HTML.gif){#d30e1487} where ![](501052_1_En_11_Figbx_HTML.gif){#d30e1490} represents a finite set of points, and we obtain (cf.  ![](501052_1_En_11_Figby_HTML.gif){#d30e1493} ) that ![](501052_1_En_11_Figbz_HTML.gif){#d30e1496} if and only if ![](501052_1_En_11_Figca_HTML.gif){#d30e1500} is a barycentric combination of the points of ![](501052_1_En_11_Figcb_HTML.gif){#d30e1503} . The convex hull constructor yields some other elementary yet very useful constructions, such as polyhedra reduced to a single point (denoted ![](501052_1_En_11_Figcc_HTML.gif){#d30e1506} where ![](501052_1_En_11_Figcd_HTML.gif){#d30e1509} ) or segments between two points (denoted ![](501052_1_En_11_Figce_HTML.gif){#d30e1512} where ![](501052_1_En_11_Figcf_HTML.gif){#d30e1515} ).

Finally, we recover some important results of the theory of polyhedra which were proved in \[[@CR3]\]. In more detail, we lift a version of Farkas Lemma expressed on the type ![](501052_1_En_11_Figcg_HTML.gif){#d30e1523} , and then obtain the Strong Duality Theorem, the complementary slackness conditions (which are conditions characterizing the optimality of solutions of linear programs), and some separation results. We refer to ![](501052_1_En_11_Figch_HTML.gif){#d30e1526} and ![](501052_1_En_11_Figci_HTML.gif){#d30e1529} for further details on these statements.

Representing Faces of Polyhedra[4](#Fn4){ref-type="fn"} {#Sec5}
=======================================================

Equivalent Definitions of Faces {#Sec6}
-------------------------------

Faces are commonly defined as sets of optimal solutions of linear programs, i.e. problems consisting in minimizing a linear function over a polyhedron.

### Definition 1 {#FPar1}
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                \begin{document}$$c = 0$$\end{document}$). Figure [1](#Fig1){ref-type="fig"} provides an illustration of this definition.Fig. 1.A polyhedron, defined by the inequalities on the right, and its faces. The vertices (0-dim. faces) are represented by blue dots, while the edges (1-dim. faces) are depicted in black. Arrows correspond to linear functions associated with some of the faces, in the sense of Definition [1](#FPar1){ref-type="sec"}. We also indicate beside them the set *I* of the defining inequalities turned into equalities, as in Theorem [1](#FPar2){ref-type="sec"}. (Color figure online)

In formal proving, the choice of the definition plays a major role on the ability to prove complex properties of the considered objects. A drawback of the previous definition is that it does not directly exhibit some of the most basic properties of faces: for instance, the fact that a face is itself a polyhedron, the fact that the intersection of two faces is a face, or the fact that a polyhedron has finitely many faces. In contrast, these properties are straightforward consequences of the following characterization of faces:

### Theorem 1 {#FPar2}
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Nevertheless, Theorem [1](#FPar2){ref-type="sec"} is expressed in terms of a certain H-representation of the polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ to apply the characterization of Theorem [1](#FPar2){ref-type="sec"}. We illustrate this on the proof of the following property, which is used systematically (or even implicitly) in almost every proof of statements on faces:

### Proposition 1 {#FPar3}
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Working Within a Fixed Ambient H-Representation {#Sec7}
-----------------------------------------------

Theorem [1](#FPar2){ref-type="sec"} leads us to the following strategy: when dealing with the faces of a polyhedron, and possibly with the faces of these faces, etc., we first set an H-representation of the top polyhedron, and then manipulate the subsequent H-representations of faces in which some inequalities are strengthened into equalities, like in ([1](#Equ1){ref-type=""}).

The top H-representation will be referred to as the *ambient representation*, and is formalized as a term ![](501052_1_En_11_Figcj_HTML.gif){#d30e2405} of type ![](501052_1_En_11_Figck_HTML.gif){#d30e2408} representing a finite set of inequalities. Then, we introduce the type ![](501052_1_En_11_Figcl_HTML.gif){#d30e2411} , which corresponds to the subtype of ![](501052_1_En_11_Figcm_HTML.gif){#d30e2414} whose inhabitants are the polyhedra ![](501052_1_En_11_Figcn_HTML.gif){#d30e2418} satisfying the following property:

where ![](501052_1_En_11_Figcp_HTML.gif){#d30e2427} is the type of subsets of ![](501052_1_En_11_Figcq_HTML.gif){#d30e2430} . We recall that ![](501052_1_En_11_Figcr_HTML.gif){#d30e2433} denotes the polyhedron defined by the inequalities in ![](501052_1_En_11_Figcs_HTML.gif){#d30e2436} , with the additional constraint that the inequalities in the subset ![](501052_1_En_11_Figct_HTML.gif){#d30e2439} are satisfied with equality. This means that ![](501052_1_En_11_Figcu_HTML.gif){#d30e2443} corresponds to the polyhedra defined by equalities or inequalities in ![](501052_1_En_11_Figcv_HTML.gif){#d30e2446} . The choice of the name ![](501052_1_En_11_Figcw_HTML.gif){#d30e2449} is reminiscent of the terminology used in fiber bundles. Indeed, as we shall see in the next sections, several proofs will adopt the scheme of fixing a base locally, and then working on polyhedra of type ![](501052_1_En_11_Figcx_HTML.gif){#d30e2452} . Following this analogy, the latter may be thought of as a fiber.

We now present a first formalization of the set of faces relying on the subtype ![](501052_1_En_11_Figcy_HTML.gif){#d30e2457} :

It defines the set of faces of ![](501052_1_En_11_Figda_HTML.gif){#d30e2466} as the set of elements of ![](501052_1_En_11_Figdb_HTML.gif){#d30e2469} contained in ![](501052_1_En_11_Figdc_HTML.gif){#d30e2472} . With this definition, some properties of faces come for free. For instance, the finiteness of the set of faces follows from the fact that there are only finitely many inhabitants of the type ![](501052_1_En_11_Figdd_HTML.gif){#d30e2475} , and subsequently of ![](501052_1_En_11_Figde_HTML.gif){#d30e2478} . Another example is that Proposition [1](#FPar3){ref-type="sec"} straightforwardly derives from the transitivity of the inclusion relation ![](501052_1_En_11_Figdf_HTML.gif){#d30e2485} .

Some other properties come at the price of proving that a polyhedron inhabits the type ![](501052_1_En_11_Figdg_HTML.gif){#d30e2490} . As an example, if ![](501052_1_En_11_Figdh_HTML.gif){#d30e2493} and ![](501052_1_En_11_Figdi_HTML.gif){#d30e2496} , the polyhedron ![](501052_1_En_11_Figdj_HTML.gif){#d30e2499} is defined as the set of points of ![](501052_1_En_11_Figdk_HTML.gif){#d30e2502} minimizing the function ![](501052_1_En_11_Figdl_HTML.gif){#d30e2506} . Showing that ![](501052_1_En_11_Figdm_HTML.gif){#d30e2509} is a face of ![](501052_1_En_11_Figdn_HTML.gif){#d30e2512} essentially amounts to proving the following property:

Indeed, the inclusion ![](501052_1_En_11_Figdp_HTML.gif){#d30e2521} is immediate from the definition of the polyhedron ![](501052_1_En_11_Figdq_HTML.gif){#d30e2524} . However, even once ![](501052_1_En_11_Figdr_HTML.gif){#d30e2527} is proved, we cannot yet write a statement of the form ![](501052_1_En_11_Figds_HTML.gif){#d30e2530} due to the fact that ![](501052_1_En_11_Figdt_HTML.gif){#d30e2533} has type ![](501052_1_En_11_Figdu_HTML.gif){#d30e2537} . In order to turn it into an element of the subtype ![](501052_1_En_11_Figdv_HTML.gif){#d30e2540} , we need to explain in more detail how this type is defined. The type ![](501052_1_En_11_Figdw_HTML.gif){#d30e2543} is a short-hand notation for the following inductive type:

In other words, an element of type ![](501052_1_En_11_Figdy_HTML.gif){#d30e2552} is a record formed by an element ![](501052_1_En_11_Figdz_HTML.gif){#d30e2555} and a proof that the property ![](501052_1_En_11_Figea_HTML.gif){#d30e2558} holds. While we could construct the element ![](501052_1_En_11_Figeb_HTML.gif){#d30e2561} , we introduce a more general scheme to cast elements of type ![](501052_1_En_11_Figec_HTML.gif){#d30e2564} to ![](501052_1_En_11_Figed_HTML.gif){#d30e2568} whenever possible. This scheme relies on [Coq]{.smallcaps} canonical structures, which provide an automatic way to recover a term of record type from the head symbol. The association is declared as follows:

One restriction of [Coq]{.smallcaps} is that canonical structures are resolved only when unifying types, and not arbitrary terms. This is why our primitive ![](501052_1_En_11_Figef_HTML.gif){#d30e2583} , which casts a ![](501052_1_En_11_Figeg_HTML.gif){#d30e2586} to a ![](501052_1_En_11_Figeh_HTML.gif){#d30e2589} , encapsulates the value ![](501052_1_En_11_Figei_HTML.gif){#d30e2592} in a *phantom type*, i.e. a type isomorphic to the unit type, but with a dependency to  ![](501052_1_En_11_Figej_HTML.gif){#d30e2599} .

In consequence, writing ![](501052_1_En_11_Figel_HTML.gif){#d30e2608} triggers the unification algorithm between the term ![](501052_1_En_11_Figem_HTML.gif){#d30e2611} and a value of type ![](501052_1_En_11_Figen_HTML.gif){#d30e2614} , which is resolved using the ![](501052_1_En_11_Figeo_HTML.gif){#d30e2617} declared above. We finally end up with the following statement

whose proof is trivial: it just amounts to proving the inclusion ![](501052_1_En_11_Figeq_HTML.gif){#d30e2627} .

We declare other canonical structures over elementary constructions for which the property ![](501052_1_En_11_Figer_HTML.gif){#d30e2632} can be shown to be satisfied. This includes the intersection ![](501052_1_En_11_Figes_HTML.gif){#d30e2635} of two elements ![](501052_1_En_11_Figet_HTML.gif){#d30e2638} , the empty set ![](501052_1_En_11_Figeu_HTML.gif){#d30e2641} , or polyhedra of the form ![](501052_1_En_11_Figev_HTML.gif){#d30e2644} or ![](501052_1_En_11_Figew_HTML.gif){#d30e2648} . This allows us to cast complex terms to the type ![](501052_1_En_11_Figex_HTML.gif){#d30e2651} , or, said differently, to prove automatically that they satisfy the property ![](501052_1_En_11_Figey_HTML.gif){#d30e2654} . As an example, the term

typechecks thanks to multiple resolutions of canonical structures on the aforementioned declarations, without requiring extra proof from the user. We refer to \[[@CR21]\] for the use of canonical structures in formal mathematics.

We point out that ![](501052_1_En_11_Figfa_HTML.gif){#d30e2668} is a proof of one side of the equivalence between the definition of faces brought by ![](501052_1_En_11_Figfb_HTML.gif){#d30e2671} and Definition [1](#FPar1){ref-type="sec"} (i.e. the equivalence in Theorem [1](#FPar2){ref-type="sec"}). The other side can be written as follows:

When ![](501052_1_En_11_Figfd_HTML.gif){#d30e2686} is nonempty, we use a set ![](501052_1_En_11_Figfe_HTML.gif){#d30e2689} such that ![](501052_1_En_11_Figff_HTML.gif){#d30e2692} , and we build ![](501052_1_En_11_Figfg_HTML.gif){#d30e2695} as the sum of the vectors ![](501052_1_En_11_Figfh_HTML.gif){#d30e2698} for ![](501052_1_En_11_Figfi_HTML.gif){#d30e2702} . The equality ![](501052_1_En_11_Figfj_HTML.gif){#d30e2705} follows from a routine verification of the complementary slackness conditions.

Getting Free from Ambient Representations {#Sec8}
-----------------------------------------

So far, we have worked with a fixed ambient representation ![](501052_1_En_11_Figfk_HTML.gif){#d30e2713} , and restricted the formalization of faces to polyhedra that can be expressed as terms of type ![](501052_1_En_11_Figfl_HTML.gif){#d30e2716} . We now describe how to formalize the set of faces of any polyhedron of type ![](501052_1_En_11_Figfm_HTML.gif){#d30e2719} as a finite set of polyhedra of the same type, without sacrificing the benefits brought by ![](501052_1_En_11_Figfn_HTML.gif){#d30e2722} .

First, we exploit the observation that for each polyhedron ![](501052_1_En_11_Figfo_HTML.gif){#d30e2727} , there exists ![](501052_1_En_11_Figfp_HTML.gif){#d30e2730} and ![](501052_1_En_11_Figfq_HTML.gif){#d30e2733} such that ![](501052_1_En_11_Figfr_HTML.gif){#d30e2736} (recall that ![](501052_1_En_11_Figfs_HTML.gif){#d30e2739} also stands for the coercion from the type ![](501052_1_En_11_Figft_HTML.gif){#d30e2743} to ![](501052_1_En_11_Figfu_HTML.gif){#d30e2746} ). This can be proved by exploiting the definition of the quotient type ![](501052_1_En_11_Figfv_HTML.gif){#d30e2749} . Indeed, ![](501052_1_En_11_Figfw_HTML.gif){#d30e2752} admits a representative ![](501052_1_En_11_Figfx_HTML.gif){#d30e2755} corresponding to a certain H-representation, from which we can build a term ![](501052_1_En_11_Figfy_HTML.gif){#d30e2758} such that ![](501052_1_En_11_Figfz_HTML.gif){#d30e2762}

Second, we introduce another quotient structure over the type ![](501052_1_En_11_Figga_HTML.gif){#d30e2767} , in order to deal with the fact that a polyhedron may correspond to several elements of type ![](501052_1_En_11_Figgb_HTML.gif){#d30e2770} for different values of ![](501052_1_En_11_Figgc_HTML.gif){#d30e2773} . Our construction amounts to showing that ![](501052_1_En_11_Figgd_HTML.gif){#d30e2776} is isomorphic to the quotient of the dependent sum type ![](501052_1_En_11_Figge_HTML.gif){#d30e2779} ![](501052_1_En_11_Figgf_HTML.gif){#d30e2783} by the equivalence relation in which ![](501052_1_En_11_Figgg_HTML.gif){#d30e2786} and ![](501052_1_En_11_Figgh_HTML.gif){#d30e2789} are equivalent if ![](501052_1_En_11_Figgi_HTML.gif){#d30e2792} . Given a polyhedron ![](501052_1_En_11_Figgj_HTML.gif){#d30e2795} of type ![](501052_1_En_11_Figgk_HTML.gif){#d30e2798} , this construction provides us a canonical ambient representation denoted ![](501052_1_En_11_Figgl_HTML.gif){#d30e2802} , and an associated canonical representative ![](501052_1_En_11_Figgm_HTML.gif){#d30e2805} of type ![](501052_1_En_11_Figgn_HTML.gif){#d30e2808} satisfying ![](501052_1_En_11_Figgo_HTML.gif){#d30e2811} .

We are now ready to define the set of faces of ![](501052_1_En_11_Figgp_HTML.gif){#d30e2816} in full generality:

which corresponds to the image by the coercion ![](501052_1_En_11_Figgr_HTML.gif){#d30e2825} of the face set of ![](501052_1_En_11_Figgs_HTML.gif){#d30e2828} (here, ![](501052_1_En_11_Figgt_HTML.gif){#d30e2831} has type ![](501052_1_En_11_Figgu_HTML.gif){#d30e2834} ). Of course, we need to check that this definition is independent of the choice of the representative of ![](501052_1_En_11_Figgv_HTML.gif){#d30e2837} in this new quotient structure. This is written as follows:

The proof relies on the geometric properties of the elements of ![](501052_1_En_11_Figgx_HTML.gif){#d30e2847} established in Sect. [3.2](#Sec7){ref-type="sec"}. Indeed, they imply that, regardless of the choice of the ambient representation, the set ![](501052_1_En_11_Figgy_HTML.gif){#d30e2853} always consists of the empty set ![](501052_1_En_11_Figgz_HTML.gif){#d30e2856} and the polyhedra of the form ![](501052_1_En_11_Figha_HTML.gif){#d30e2859} .

Now that this architecture is settled, we can prove some of the basic properties of faces. Most of the proof make use of the following elimination principle:

which means that, given a property to be proved on any polyhedron ![](501052_1_En_11_Fighc_HTML.gif){#d30e2870} , it is sufficient to prove it over the type ![](501052_1_En_11_Fighd_HTML.gif){#d30e2873} for any choice of ![](501052_1_En_11_Fighe_HTML.gif){#d30e2876} . In practice, ![](501052_1_En_11_Fighf_HTML.gif){#d30e2879} is used to introduce an ambient representation. Let us illustrate it on the proof that the intersection of two faces of ![](501052_1_En_11_Fighg_HTML.gif){#d30e2882} is a face of ![](501052_1_En_11_Fighh_HTML.gif){#d30e2886} :

The first line destructs ![](501052_1_En_11_Fighj_HTML.gif){#d30e2895} , and introduces the ambient representation ![](501052_1_En_11_Fighk_HTML.gif){#d30e2898} and an element still named ![](501052_1_En_11_Fighl_HTML.gif){#d30e2901} , now of type ![](501052_1_En_11_Fighm_HTML.gif){#d30e2904} . The second and third lines successively consume the assumptions that ![](501052_1_En_11_Fighn_HTML.gif){#d30e2907} and ![](501052_1_En_11_Figho_HTML.gif){#d30e2911} are faces, then introduce two elements of type ![](501052_1_En_11_Fighp_HTML.gif){#d30e2914} having the same name and respectively satisfying ![](501052_1_En_11_Fighq_HTML.gif){#d30e2917} and ![](501052_1_En_11_Fighr_HTML.gif){#d30e2920} . Finally, the tactics ![](501052_1_En_11_Fighs_HTML.gif){#d30e2923} replaces the goal ![](501052_1_En_11_Fight_HTML.gif){#d30e2926} by the following two subgoals: ![](501052_1_En_11_Fighu_HTML.gif){#d30e2930} and ![](501052_1_En_11_Fighv_HTML.gif){#d30e2933} . Since ![](501052_1_En_11_Fighw_HTML.gif){#d30e2936} and ![](501052_1_En_11_Fighx_HTML.gif){#d30e2939} , the former is proved by transitivity of the subset relation. The latter is automatically provided by the canonical structure mechanism described in Sect. [3.2](#Sec7){ref-type="sec"}, triggered by the generic statement

From Faces to the Affine Hull and Dimension {#Sec9}
-------------------------------------------

We argue that the approach that we have introduced to represent faces of polyhedra also perfectly fits the formalization of the affine hull and dimension of polyhedra. Recall that the *affine hull* of a polyhedron refers to the smallest (inclusionwise) affine subspace of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^n$$\end{document}$ containing it, and the *dimension* of the polyhedron is defined as the dimension of this subspace (i.e., the dimension of the underlying vector subspace).

To this end, given an ambient representation ![](501052_1_En_11_Fighz_HTML.gif){#d30e2976} and a polyhedron ![](501052_1_En_11_Figia_HTML.gif){#d30e2979} of type ![](501052_1_En_11_Figib_HTML.gif){#d30e2982} , we introduce the set of *active inequalities* of ![](501052_1_En_11_Figic_HTML.gif){#d30e2988} , i.e. the set of ![](501052_1_En_11_Figid_HTML.gif){#d30e2992} such that the corresponding inequality is satisfied as equality over ![](501052_1_En_11_Figie_HTML.gif){#d30e2995} . This is written as the inclusion ![](501052_1_En_11_Figif_HTML.gif){#d30e2998} (recall that ![](501052_1_En_11_Figig_HTML.gif){#d30e3001} is the hyperplane ![](501052_1_En_11_Figih_HTML.gif){#d30e3004} ). The active inequalities form a subset of ![](501052_1_En_11_Figii_HTML.gif){#d30e3007} denoted ![](501052_1_En_11_Figij_HTML.gif){#d30e3011} . Equivalently, when ![](501052_1_En_11_Figik_HTML.gif){#d30e3014} is non-empty, ![](501052_1_En_11_Figil_HTML.gif){#d30e3017} corresponds to the largest (inclusionwise) subset ![](501052_1_En_11_Figim_HTML.gif){#d30e3020} such that ![](501052_1_En_11_Figin_HTML.gif){#d30e3023} .

It is a classic property of polyhedra that the affine hull of a non-empty polyhedron is the affine subspace defined by the equalities in ![](501052_1_En_11_Figio_HTML.gif){#d30e3028} . We take this property as a definition:

The second definition lifts the affine hull from ![](501052_1_En_11_Figiq_HTML.gif){#d30e3037} to ![](501052_1_En_11_Figir_HTML.gif){#d30e3040} . Of course, we show that the resulting affine subspace ![](501052_1_En_11_Figis_HTML.gif){#d30e3043} is independent of the choice of ![](501052_1_En_11_Figit_HTML.gif){#d30e3046} (cf.  ![](501052_1_En_11_Figiu_HTML.gif){#d30e3049} ). We establish that this definition is correct w.r.t. the usual mathematical definition discussed above, i.e.:

Here, ![](501052_1_En_11_Figiw_HTML.gif){#d30e3059} corresponds to a vector subspace of ![](501052_1_En_11_Figix_HTML.gif){#d30e3062} , and the term ![](501052_1_En_11_Figiy_HTML.gif){#d30e3065} stands for the affine subspace given by the intersection of the affine equalities represented by the elements of ![](501052_1_En_11_Figiz_HTML.gif){#d30e3068} . (The term ![](501052_1_En_11_Figja_HTML.gif){#d30e3071} above corresponds to the vector subspace spanned by the elements of ![](501052_1_En_11_Figjb_HTML.gif){#d30e3075} .)

We follow the same scheme to formalize the dimension ![](501052_1_En_11_Figjc_HTML.gif){#d30e3080} of a polyhedron ![](501052_1_En_11_Figjd_HTML.gif){#d30e3083} , which we define as one plus the co-dimension of the vector span of ![](501052_1_En_11_Figje_HTML.gif){#d30e3086} . The shift by one originates from the fact that ![](501052_1_En_11_Figjf_HTML.gif){#d30e3089} ranges over the type ![](501052_1_En_11_Figjg_HTML.gif){#d30e3092} of natural numbers. Therefore, we have to set the dimension of the empty set ![](501052_1_En_11_Figjh_HTML.gif){#d30e3096} to 0, while it is common to set it to $\documentclass[12pt]{minimal}
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                \begin{document}$$-1$$\end{document}$ in the literature. As expected, we obtain the following statement:

Like in mathematics textbooks, ![](501052_1_En_11_Figjj_HTML.gif){#d30e3118} is the natural way to establish the basic statements concerning the dimension, i.e. by reducing to elementary proofs over vector spaces. For instance, we establish that the dimension is monotone ( ![](501052_1_En_11_Figjk_HTML.gif){#d30e3121} ), and compute the dimension for important classes of polyhedra. This includes the fact that segments of two distinct points have dimension ![](501052_1_En_11_Figjl_HTML.gif){#d30e3124} (remember the shift by one of our formalization):

and that, conversely, any compact polyhedron of dimension 2 is a segment of two points:

(We point out that ![](501052_1_En_11_Figjo_HTML.gif){#d30e3139} is simply defined as the fact that ![](501052_1_En_11_Figjp_HTML.gif){#d30e3142} is a bounded set, as polyhedra are topologically closed.) Similarly, we prove that polyhedra reduced to a single point are precisely the ones having dimension 1, that proper hyperplanes have codimension 1, etc. We refer to ![](501052_1_En_11_Figjq_HTML.gif){#d30e3145} for a detailed account of our results.

The Face Lattice[5](#Fn5){ref-type="fn"} {#Sec10}
========================================

In this section, we illustrate how the framework that we have introduced in Sect. [3](#Sec5){ref-type="sec"} serves as a foundation for formalizing the structural properties of faces. We refer to Fig. [2](#Fig2){ref-type="fig"} for an example of the properties presented below.

At the core of the formalization lies the theory of ordered structures such as partial orders, semilattices and lattices. Some of these structures have been very recently introduced in the MathComp library -- for instance, the non-distributive lattice structure has been introduced in early 2020. However, as we shall see in this section, the formalization of the face lattice requires to implement additional objects, such as graded lattices, sublattices, and lattice homomorphisms. This development is gathered in the module ![](501052_1_En_11_Figjr_HTML.gif){#d30e3168} of the Coq-Polyhedra project.

The first property that we can immediately formalize following the results of Sect. [3](#Sec5){ref-type="sec"} is the finite lattice structure over the set ![](501052_1_En_11_Figjs_HTML.gif){#d30e3176} for ![](501052_1_En_11_Figjt_HTML.gif){#d30e3179} . The partial order is given by the polyhedron inclusion ![](501052_1_En_11_Figju_HTML.gif){#d30e3182} , the meet operator is the intersection ![](501052_1_En_11_Figjv_HTML.gif){#d30e3185} (as a consequence of ![](501052_1_En_11_Figjw_HTML.gif){#d30e3189} ), while the bottom and top elements are respectively ![](501052_1_En_11_Figjx_HTML.gif){#d30e3192} and ![](501052_1_En_11_Figjy_HTML.gif){#d30e3195} . As a finite lattice, the join operator ![](501052_1_En_11_Figjz_HTML.gif){#d30e3198} can be built as the meet of all the faces of ![](501052_1_En_11_Figka_HTML.gif){#d30e3201} containing both ![](501052_1_En_11_Figkb_HTML.gif){#d30e3204} and ![](501052_1_En_11_Figkc_HTML.gif){#d30e3208} .Fig. 2.A three-dimensional polytope (left) and the Hasse diagram of its face lattice (right). A interval of height 2 is depicted in blue. (Color figure online)

Facets and Gradedness {#Sec11}
---------------------
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                \begin{document}$$(L, \prec )$$\end{document}$ is said to be *graded* if there exists a rank function $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi (u)+1 < \Phi (v)$$\end{document}$ implies that there exists $\documentclass[12pt]{minimal}
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                \begin{document}$$u \prec w \prec v$$\end{document}$. Equivalently, this is a lattice in which all maximal chains have the same length.

In the case of the face lattice, the rank function can be defined as the dimension of the face. Property (i) is proved as follows. If ![](501052_1_En_11_Figkd_HTML.gif){#d30e3392} and ![](501052_1_En_11_Figke_HTML.gif){#d30e3395} are both faces of ![](501052_1_En_11_Figkf_HTML.gif){#d30e3398} and ![](501052_1_En_11_Figkg_HTML.gif){#d30e3401} , then ![](501052_1_En_11_Figkh_HTML.gif){#d30e3404} , as the dimension is monotone. Moreover, ![](501052_1_En_11_Figki_HTML.gif){#d30e3408} . If we assume ![](501052_1_En_11_Figkj_HTML.gif){#d30e3411} , then we can prove that ![](501052_1_En_11_Figkk_HTML.gif){#d30e3414} is equal to ![](501052_1_En_11_Figkl_HTML.gif){#d30e3417} (as affine subspaces of the same dimension). We conclude that ![](501052_1_En_11_Figkm_HTML.gif){#d30e3420} by the fact that ![](501052_1_En_11_Figkn_HTML.gif){#d30e3423} for any face ![](501052_1_En_11_Figko_HTML.gif){#d30e3427} of  ![](501052_1_En_11_Figkp_HTML.gif){#d30e3430} .

The proof of Property (ii) (see ![](501052_1_En_11_Figkq_HTML.gif){#d30e3435} ) relies on the formalization of facets of polyhedra, and their combinatorial characterization in terms of active inequalities. We recall that a *facet* of a non-empty polyhedron $\documentclass[12pt]{minimal}
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                \begin{document}$$\dim \mathcal {P}- 1$$\end{document}$. A classical result states that when $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$ is given by a *non-redundant* system of inequalities $\documentclass[12pt]{minimal}
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                \begin{document}$$A x \ge b$$\end{document}$ (i.e. the H-representation is minimal inclusionwise), the facets are precisely the polyhedra of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}\cap \{ x \in \mathbb {R}^n :A_i x = b_i\}$$\end{document}$ for any *i* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}\not \subset \{ x \in \mathbb {R}^n :A_i x = b_i\}$$\end{document}$. The formalization of this statement first goes through the construction of non-redundant bases for any polyhedron, and the proof of the following elimination principle:

This allows to specialize ![](501052_1_En_11_Figks_HTML.gif){#d30e3607} to a polyhedron of the form ![](501052_1_En_11_Figkt_HTML.gif){#d30e3610} where ![](501052_1_En_11_Figku_HTML.gif){#d30e3613} is a minimal set of inequalities defining ![](501052_1_En_11_Figkv_HTML.gif){#d30e3616} . Using the techniques of Sect. [3](#Sec5){ref-type="sec"}, we switch to a proof environment dealing with polyhedra in ![](501052_1_En_11_Figkw_HTML.gif){#d30e3623} , and establish that the facets of ![](501052_1_En_11_Figkx_HTML.gif){#d30e3626} are precisely the polyhedra of the form ![](501052_1_En_11_Figky_HTML.gif){#d30e3629} for ![](501052_1_En_11_Figkz_HTML.gif){#d30e3632} (where ![](501052_1_En_11_Figla_HTML.gif){#d30e3635} is the singleton consisting of ![](501052_1_En_11_Figlb_HTML.gif){#d30e3638} ). We refer to the statements ![](501052_1_En_11_Figlc_HTML.gif){#d30e3642} and ![](501052_1_En_11_Figld_HTML.gif){#d30e3645} for the exact description.

Going back to the description of the proof of Property (ii), we assume that ![](501052_1_En_11_Figle_HTML.gif){#d30e3650} and ![](501052_1_En_11_Figlf_HTML.gif){#d30e3653} are two faces of ![](501052_1_En_11_Figlg_HTML.gif){#d30e3656} satisfying ![](501052_1_En_11_Figlh_HTML.gif){#d30e3659} and ![](501052_1_En_11_Figli_HTML.gif){#d30e3662} . We first consider the case where ![](501052_1_En_11_Figlj_HTML.gif){#d30e3666} . Since ![](501052_1_En_11_Figlk_HTML.gif){#d30e3669} , we can pick an element ![](501052_1_En_11_Figll_HTML.gif){#d30e3672} in ![](501052_1_En_11_Figlm_HTML.gif){#d30e3675} but not in ![](501052_1_En_11_Figln_HTML.gif){#d30e3678} , and verify that the facet ![](501052_1_En_11_Figlo_HTML.gif){#d30e3681} satisfies ![](501052_1_En_11_Figlp_HTML.gif){#d30e3685} . The general case where ![](501052_1_En_11_Figlq_HTML.gif){#d30e3688} is a proper face of ![](501052_1_En_11_Figlr_HTML.gif){#d30e3691} is handled by using the fact that ![](501052_1_En_11_Figls_HTML.gif){#d30e3694} and ![](501052_1_En_11_Figlt_HTML.gif){#d30e3697} ensures that ![](501052_1_En_11_Figlu_HTML.gif){#d30e3700} is a face of ![](501052_1_En_11_Figlv_HTML.gif){#d30e3704} (see ![](501052_1_En_11_Figlw_HTML.gif){#d30e3707} ).

Vertices, Atomicity and Coatomicity {#Sec12}
-----------------------------------

The *atoms* of a lattice *L* are the elements $\documentclass[12pt]{minimal}
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                \begin{document}$$u \in L \setminus \{\bot \}$$\end{document}$ such that there is no $\documentclass[12pt]{minimal}
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                \begin{document}$$\bot $$\end{document}$ denotes the bottom element of *L*. In the face lattice of a polyhedron ![](501052_1_En_11_Figlx_HTML.gif){#d30e3792} , they correspond to the faces ![](501052_1_En_11_Figly_HTML.gif){#d30e3795} of ![](501052_1_En_11_Figlz_HTML.gif){#d30e3798} such that ![](501052_1_En_11_Figma_HTML.gif){#d30e3801} , i.e. to the vertices of ![](501052_1_En_11_Figmb_HTML.gif){#d30e3805} (remember the shift by one of our formalization). This motivates the introduction of the vertex set of ![](501052_1_En_11_Figmc_HTML.gif){#d30e3808} , which satisfies the following two characteristic properties:

A central property is that if ![](501052_1_En_11_Figme_HTML.gif){#d30e3817} is compact, then it coincides with the convex hull of its vertices:

Remark that this shows that any compact polyhedron is a polytope. Together with the converse statement ( ![](501052_1_En_11_Figmg_HTML.gif){#d30e3826} in ![](501052_1_En_11_Figmh_HTML.gif){#d30e3829} ), this brings a proof of Minkowski Theorem.

The latter result allows us to prove that, when ![](501052_1_En_11_Figmi_HTML.gif){#d30e3834} is compact, its face lattice is atomistic, meaning that any face of ![](501052_1_En_11_Figmj_HTML.gif){#d30e3837} is the join of a finite set of atoms:

To prove this statement for ![](501052_1_En_11_Figml_HTML.gif){#d30e3846} , we set ![](501052_1_En_11_Figmm_HTML.gif){#d30e3849} to the set of vertices of ![](501052_1_En_11_Figmn_HTML.gif){#d30e3852} . The latter are vertices of ![](501052_1_En_11_Figmo_HTML.gif){#d30e3855} as well, and thus correspond to atoms of the face lattice of ![](501052_1_En_11_Figmp_HTML.gif){#d30e3858} . The inclusion ![](501052_1_En_11_Figmq_HTML.gif){#d30e3862} is established by substituting ![](501052_1_En_11_Figmr_HTML.gif){#d30e3865} by ![](501052_1_En_11_Figms_HTML.gif){#d30e3868} thanks to ![](501052_1_En_11_Figmt_HTML.gif){#d30e3871} , which makes the statement obvious by construction of the convex hull and the join operator. The opposite inclusion ![](501052_1_En_11_Figmu_HTML.gif){#d30e3874} is trivial by property of the join operator, and this concludes the proof.

The *coatoms* of *L* are defined dually: these are the elements $\documentclass[12pt]{minimal}
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                \begin{document}$$\top $$\end{document}$ denotes the top element of *L*. The coatomicity of ![](501052_1_En_11_Figmv_HTML.gif){#d30e3956} means that any face of ![](501052_1_En_11_Figmw_HTML.gif){#d30e3959} is the intersection of facets of ![](501052_1_En_11_Figmx_HTML.gif){#d30e3962} . Our proof exploits the characterization of facets presented in Sect. [4.1](#Sec11){ref-type="sec"}. We refer to ![](501052_1_En_11_Figmy_HTML.gif){#d30e3969} for more details.

Closedness Under Taking Sublattices {#Sec13}
-----------------------------------

The *closedness under sublattices* of the face lattices of polytopes states that if ![](501052_1_En_11_Figmz_HTML.gif){#d30e3980} and ![](501052_1_En_11_Figna_HTML.gif){#d30e3983} are two faces of a polytope ![](501052_1_En_11_Fignb_HTML.gif){#d30e3986} such that ![](501052_1_En_11_Fignc_HTML.gif){#d30e3989} , then the interval ![](501052_1_En_11_Fignd_HTML.gif){#d30e3993} , i.e. the sublattice formed by the faces ![](501052_1_En_11_Figne_HTML.gif){#d30e3996} satisfying ![](501052_1_En_11_Fignf_HTML.gif){#d30e3999} , is isomorphic to the face lattice of a polytope of dimension ![](501052_1_En_11_Figng_HTML.gif){#d30e4002} .

The interest of this property is that it allows involved induction schemes on the height of the face lattice. As an example, we can establish the so-called *diamond property*, namely that every sublattice of height 2 of the face lattice consists of precisely four faces ordered as ![](501052_1_En_11_Fignh_HTML.gif){#d30e4010} . Equivalently, this means that for any two faces $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}\subset \mathcal {F}'$$\end{document}$, there are precisely two faces between them (see  ![](501052_1_En_11_Figni_HTML.gif){#d30e4094} for the statement, and Fig. [2](#Fig2){ref-type="fig"} for an illustration). The proof exploits the closedness by sublattices, and the subsequent isomorphism of any interval of height 2 with the face lattice of a polytope ![](501052_1_En_11_Fignj_HTML.gif){#d30e4100} verifying ![](501052_1_En_11_Fignk_HTML.gif){#d30e4103} . ![](501052_1_En_11_Fignl_HTML.gif){#d30e4107} reduces it to the face lattice of a segment ![](501052_1_En_11_Fignm_HTML.gif){#d30e4110} , which is given by the following characterization:

The proof of the closedness by sublattices is done as follows. First, we reduce to the case where ![](501052_1_En_11_Figno_HTML.gif){#d30e4119} , since the face lattice of ![](501052_1_En_11_Fignp_HTML.gif){#d30e4122} is isomorphic to the sublattice of the faces of ![](501052_1_En_11_Fignq_HTML.gif){#d30e4125} contained in ![](501052_1_En_11_Fignr_HTML.gif){#d30e4128} . We are left with the following statement: Fig. 3.The vertex figure construction, illustrated on the vertex *x* of the polytope $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}$$\end{document}$. The hyperplane $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ (light blue) separates *x* from the other vertices of the polytope. In the sliced polytope $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {P}'$$\end{document}$, the vertices (green) and edges (blue) are respectively in one-to-one correspondence with the edges and facets of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {P}$$\end{document}$ containing *x*. (Color figure online)

The proof is done by induction on the dimension of ![](501052_1_En_11_Fignt_HTML.gif){#d30e4202} . We restrict the exposition to the base case ![](501052_1_En_11_Fignu_HTML.gif){#d30e4205} , i.e. when ![](501052_1_En_11_Fignv_HTML.gif){#d30e4208} corresponds to a vertex ![](501052_1_En_11_Fignw_HTML.gif){#d30e4211} of ![](501052_1_En_11_Fignx_HTML.gif){#d30e4214} , since the general case is just handled by iterating the process. When ![](501052_1_En_11_Figny_HTML.gif){#d30e4218} , the construction of the polyhedron ![](501052_1_En_11_Fignz_HTML.gif){#d30e4221} is achieved by the *vertex figure* method. It consists in slicing the polytope ![](501052_1_En_11_Figoa_HTML.gif){#d30e4227} with a hyperplane ![](501052_1_En_11_Figob_HTML.gif){#d30e4230} separating the vertex ![](501052_1_En_11_Figoc_HTML.gif){#d30e4233} from the other vertices (see Fig. [3](#Fig3){ref-type="fig"} for an illustration). We define ![](501052_1_En_11_Figod_HTML.gif){#d30e4240} as the sliced polytope. It has dimension ![](501052_1_En_11_Figoe_HTML.gif){#d30e4243} , and its face lattice can be shown to be isomorphic to the sublattice ![](501052_1_En_11_Figof_HTML.gif){#d30e4246} . Once again, the isomorphism is proved by exposing the polyhedron ![](501052_1_En_11_Figog_HTML.gif){#d30e4249} to the subtype ![](501052_1_En_11_Figoh_HTML.gif){#d30e4252} for some ambient representation ![](501052_1_En_11_Figoi_HTML.gif){#d30e4256} , and reducing to basic manipulations of sets ![](501052_1_En_11_Figoj_HTML.gif){#d30e4259} of active inequalities of faces. Interestingly, two distinct ambient representations are used in the proof: ![](501052_1_En_11_Figok_HTML.gif){#d30e4262} for the original polytope ![](501052_1_En_11_Figol_HTML.gif){#d30e4265} , and its union ![](501052_1_En_11_Figom_HTML.gif){#d30e4268} with the singleton ![](501052_1_En_11_Figon_HTML.gif){#d30e4271} for the sliced polytope ![](501052_1_En_11_Figoo_HTML.gif){#d30e4275} . Our use of canonical structures still applies to this setting, and provides the proof that any face of ![](501052_1_En_11_Figop_HTML.gif){#d30e4278} sliced with the hyperplane ![](501052_1_En_11_Figoq_HTML.gif){#d30e4281} writes down over the base ![](501052_1_En_11_Figor_HTML.gif){#d30e4284} of the sliced polytope ![](501052_1_En_11_Figos_HTML.gif){#d30e4287} .

Related Work {#Sec14}
============

Many software developments related with convex polyhedra have been motivated by applications to formal verification. Several libraries have been developed for this purpose, e.g. \[[@CR4], [@CR20]\], and, despite being informal, it is worth noting that they are also used by mathematicians to perform computation over polyhedra and polytopes, for instance in \[[@CR16], [@CR27]\]. Initiatives on the development of formally verified polyhedral algorithms are more recent. The works of \[[@CR26]\] and \[[@CR8]\] in Isabelle/HOL aim at providing a formally proven yet practical and efficient algorithm to decide linear rational arithmetic for SMT-solving. The Micromega tactics \[[@CR5]\] relies on polyhedra to prove automatically arithmetic goals over ordered rings in [Coq]{.smallcaps}. The *Verified Polyhedral Library* \[[@CR9], [@CR15]\] targets abstract interpretation, and brings the ability to verify polyhedral computations a posteriori in [Coq]{.smallcaps}.

There are far fewer developments focusing on formal mathematics. Euler formula, which relates the number of vertices, edges and facets of three-dimensional polytopes, has been proved in \[[@CR14]\] in [Coq]{.smallcaps} and in \[[@CR1]\] in Mizar. The generalization to polytopes in arbitrary dimension, namely Euler--Poincaré formula, has been formally proved in HOL-Light \[[@CR19]\], together with several intermediate properties of polyhedra and faces. In the intuitionistic setting, we are not aware of any work concerning faces and their properties. We point out that Fourier--Motzkin elimination has been formalized in [Coq]{.smallcaps} by \[[@CR22]\].

Conclusion and Future Work {#Sec15}
==========================

In this work, we have formalized a substantial part of the theory of polyhedra and their faces, which has allowed us to obtain some of the essential properties of face lattices. Beyond the mathematical results formally proven, a special attention has been paid to the usability of the library. This goes through a mechanism to bring the right representation of faces according to the context, and the automatic proof that these representations are valid thanks to the use of canonical structures.

This foundational work opens several perspectives. First, it has raised that an important development over ordered structures is still needed, in particular for the manipulation of ordered substructures such as sublattices, and the interplay between them through morphisms. The formalization of finite groups and subgroups in \[[@CR17]\] may provide a possible source of inspiration to solve this problem. Second, there are many other interesting properties in relation with polyhedra and their faces to be formalized, such as getting upper bounds on the diameter of polytopes, or more generally, on the number of faces (the so-called f-vector theory). However, beyond the interest of formalizing already known mathematical results, we are even more interested in using proof assistants to help getting new ones. We think of mathematical results relying on computations that are not accessible by hand. To this extent, we aim at providing a way to compute with the objects introduced in this work, directly within the proof assistant, and to introduce all the needed mechanisms for the design and development of large scale reflection tactics. A basic goal is to compute the face lattice (or part of it) of a polyhedron defined by a set of inequalities. This requires us to formalize some algorithms based on faces, and to find a way to execute them on efficient data structures, in the spirit of the approach of \[[@CR11]\].

<https://github.com/Coq-Polyhedra/Coq-Polyhedra/tree/IJCAR-2020/theories/hpolyhedron.v>.

<https://github.com/Coq-Polyhedra/Coq-Polyhedra/tree/IJCAR-2020/theories/polyhedron.v>.

<https://github.com/Coq-Polyhedra/Coq-Polyhedra/tree/IJCAR-2020/theories/polyhedron.v>.

<https://github.com/Coq-Polyhedra/Coq-Polyhedra/tree/IJCAR-2020/theories/poly_base.v>.

<https://github.com/Coq-Polyhedra/Coq-Polyhedra/tree/IJCAR-2020/theories/poly_base.v>.
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